We make three remarks about the quantum theory of a charged particle moving in a time-independent, uni-directional magnetic field (which we take to be parallel to the z-axis). First, when the field is uniform, we comment on the relation between the wave-function on the one hand if it is chosen to be an eigenstate of momentum (leaving aside the trivial z-dependence) and hence non-normalizable, and on the other hand if it is chosen to be an eigenstate of angular momentum. Second, we discuss the form of the wave-function when the magnetic field had a weak z-dependence. Finally, we make a short comment on the derivation of the diamagnetism of a free electron gas.
Introduction
Although the quantum theory of a charged particle moving in a uni-directional magnetic field has been understood for many decades (for some text-book treatments, see for example [1] ), we have a few comments to make. The first concerns the case when the field is uniform. Then one has to make choices, both about the gauge used and about the operators which we choose to be diagonal. The choice of gauge is a trivial question, since wave-functions in different gauges differ only by a phase. The choice of diagonal operators is more serious. One may choose the angular momentum about the field direction, or one may choose a momentum normal to the field direction (we always use eigenfunctions of the momentum in the field direction). The first has discrete eigenvalues, the second has continuous ones. We discuss the relations between the two sorts of wave-function.
Our second comment is about the case when the magnetic field has a weak z-dependence (where the z-axis is in the direction of the field). In this case, there must be a weak radial field also; but we work under conditions where it is consistent to treat this component of the field perturbatively. We find the energy eigenvalues for certain models of the z-dependence. These models could approximate the field between two parallel circular currents.
In our final section, we comment on the treatment of the diamagnetism of a free electron gas when using angular momentum eigenstates.
Uniform magnetic field
We take the field to be in the z-direction, and to have z-component B. We take the particle's charge and mass to be e and m. Two gauges for the vector potential which are commonly used are
and
But the difference between these two gauges can only be trivial, since the wavefunctions just differ by the phase factor
Therefore we might just as well choose (1) . For shortness, we define
The Hamiltonian in gauge (1) is
where
We define also
Then the operators P x , P y and L each commute with H and p z . But they don't commute with each other:
We may choose the wave-function ψ(x, y, z) to be an eigenfunction of p z with eigenvaluehk z :
ψ(x, y, z) = e ikz z φ(x, y).
(10)
and from now on we will be concerned with H ′ and φ(x, y). We may choose φ to be an eigenfunction of any one of the three operators P x , P y , L. We discuss the two cases (i) eigenfunction of P x and (ii) eigenfunction of L. These are more compactly expressed if we define a magnetic length l by
In case (i), we have
wherehk x is the eigenvalue of P x , and ξ n satisfies
E ′ being the eigenvalue of H ′ . This equation describes a simple harmonic oscillator whose equilibrium point is shifted, and the eigenfunctions have the form
where n is a positive integer and
and u n (w) is the real, normalized solution of
Next we take the case (ii), where we use energy eigenfunctions which are also eigenfunctions of angular momentum L with eigenvaluehM . We call these normalised wave-functions ζ n,M (x, y).
Eigenfunctions of type (i), in equation (13), are non-normalizable and have a continuous degeneracy, whereas those of type (ii) in (18) are normalized and have a discrete degeneracy. Nevertheless, it should be possible to express each type in terms of the other. We begin with type (i). We can form a superposition of the form
where f is some function and
Let us first see how to make (19) an eigenvalue of P y , defined in (8). We requireh
Integrating by parts, we see that this is satisfied provided that
with a normalized solution
Thus (19) becomes
The phase here may be verified by evaluating the equation at the origin for x = y = 0. Next we study how to make (19) an eigenstate of L. Now we requirē
We convert x and x 2 into differentials of e ikxx and integrate by parts to put these differentials onto f and u. In this way, we find that equation (25) is satisfied provided f obeys
This equation is consistent, and its normalised solution is just
Thus, finally, the required eigenfunction of L is
Using the ortho-normality of the u n coefficients in (28), we can invert this equation to find the momentum eigenfunctions in terms of the angular momentum eigenfunctions:
3 Weakly varying field
We now allow the magnetic field to vary slowly with z, but we restrict ourselves to motion near an axis, which we may take to be x = y = 0.
On the axis, we use an expansion
where a is a characteristic length. A realistic case would be two similar current loops, each perpendicular to the z-axis and of radius a, separated by a distance d. Near the origin (the centre of the two loops) the field has an expansion of the above form, where (in terms of r = (d/2a)
2 )
Off the axis, the magnetic field must have some radial component. Up to second order (that is the b 1 term), we take the vector potential to be
This form follows by rotational symmetry (if the field is generated by currents in circles about the axis), together with the gauge choice ∇.A= 0 and Maxwell's equation ∇ 2 A = 0. As the leading approximation, we keep just the b 1 z 2 term in (30) (we shall see that the ρ 2 term is effectively smaller). We seek an energy eigenfunction of the Hamiltonian (5), with B now z-dependent, of the form
(13). The sample is considered to have a finite size with dimensions S x , S y in the x-and y-directions, and then that states contribute only for
So the number of states with a given energy and value of k z is
It ought to be possible to carry out the analysis using the angular momentum eigen-functions (18). In that case, it is natural to consider a cylindrical sample, axis along the z axis, with radius R. The asymptotic form of the wave function (18), for large ρ, is proportional to
and this has its maximum at
Thus we expect states to contribute for
Then, for given n, the range of M is
so that the number of possible values is
The relevant values of n are of order (mkT l 2 /h 2 ) which is small compared to (R 2 /l 2 ) for typical values of B, T and R. Thus (47) gives a factor
which is proportional to the area just as in (42).
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